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THE SUPER FROBENIUS-SCHUR INDICATOR AND
FINITE GROUP GAUGE THEORIES ON PIN− SURFACES
TAKUMI ICHIKAWA AND YUJI TACHIKAWA
ABSTRACT. It is well-known that the value of the Frobenius-Schur indicator |G|−1∑g∈G χ(g2) =
±1 of a real irreducible representation of a finite group G determines which of the two types of real
representations it belongs to, i.e. whether it is strictly real or quaternionic. We study the extension
to the case when a homomorphism ϕ : G → Z/2Z gives the group algebra C[G] the structure of
a superalgebra. Namely, we construct of a super version of the Frobenius-Schur indicator whose
value for a real irreducible super representation is an eighth root of unity, distinguishing which of
the eight types of irreducible real super representations described in [Wal64] it belongs to. We
also discuss its significance in the context of two-dimensional finite-group gauge theories on pin−
surfaces.
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1. INTRODUCTION
It is a classic result of Frobenius and Schur [FS06] that for a finite group G and its irreducible
representation ρ over C whose character we denote by χ, the Frobenius-Schur indicator defined
by
(1.1) S(ρ) :=
1
|G|
∑
g∈G
χ(g2)
takes values in {+1, 0,−1}, depending on whether ρ is strictly real, complex or quaternionic.
A slight reformulation can be given in terms of the simple summand Aρ of the group algebra
C[G]. When ρ ' ρ¯, Aρ has a conjugate-linear involution ∗, whose fixed point is a central simple
algebra over R. From Wedderburn’s theorem, this is a matrix algebra over a division algebra D
over R whose center is R, which is either R or H. These algebras R, H form the Brauer group
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B(R) = {R,H} ' Z/2Z of R. The value S(ρ) = ±1 then determines to which element of B(R)
the simple summand Aρ corresponding to the representation ρ belongs.
In this paper we generalize these statements to the group superalgebras.1 Let us first recall the
Brauer-Wall group BW(F ) of a field F [Wal64, Del99]. A division superalgebra D = D0 ⊕
D1 is a superalgebra such that every nonzero element in D0 or D1 is invertible. Consider a
simple superalgebra A = A0 ⊕ A1 over F , with its unique irreducible supermodule ρ. The super
version of Schur’s lemma says that DA := HomA(ρ, ρ) is a division superalgebra over F . Simple
superalgebras A such that the center of the even part (DA)0 is F itself are called central simple,
and central simple superalgebras under the equivalence relation A ∼ A′ ⇔ DA ' DA′ form a
finite group BW(F ) under tensor product. This is the Brauer-Wall group of F . It was determined
in [Wal64] that BW(C) = Z/2Z and BW(R) = Z/8Z. The Clifford algebras over C and R, with
the corresponding periodicity 2 and 8, cover all ten cases.
Let us now specialize to the case of superalgebras associated to a group, and formulate our main
theorem. Let G be a finite group, ϕ : G→ Z/2Z a homomorphism or equivalently a one-cocycle,
and α : G×G→ Z/2Z a two-cocycle. ϕ gives a decomposition of G as G = G0unionsqG1. We define
R[G]ϕ,α to be the superalgebra over R generated by elements eg for g ∈ G such that eg is even
or odd depending on ϕ(g) = 0 or 1, and egeh = (−1)α(g,h)egh. We denote its complexification
by A := C[G]ϕ,α. This algebra is equipped with a conjugate linear involution a 7→ a∗, inherited
from the complex conjugation of C. These superalgebras are semisimple, as can be seen e.g. by
using the unitary trick. For a supermodule ρ defined on V = V0 ⊕ V1, we define its character as
χ(g) := trV ρ(eg).
Let (ρ, V ) be an irreducible supermodule of A = C[G]ϕ,α. The corresponding subsuperalgebra
Aρ of A is central simple, and we denote its class [Aρ] ∈ BW(C) by q(ρ) = 0, 1. It is known that
ρ is irreducible as an ungraded module if q(ρ) = 0, and ρ|V0 is irreducible as a module of C[G0]α
if q(ρ) = 1.
We denote by ρ¯ the complex conjugate supermodule of ρ. When ρ¯ ' ρ, ρ is called real.
Otherwise ρ is called complex. Real irreducible supermodules of C[G]ϕ,α can be classified by
BW(R) = Z/8Z, just as irreducible supermodules of R[G]ϕ,α can be.
We show the following:
Theorem 1.2. The super Frobenius-Schur indicator of an irreducible supermodule ρ, defined by
S(ρ) := 1√
2
q(ρ)|G|
∑
g∈G
√−1ϕ(g)(−1)α(g,g)χ(g2),
is either zero or an eighth root of unity. It is zero if ρ is complex and non-zero if ρ ' ρ¯. In the
latter case, its value S(ρ) ∈ {x8 = 1 | x ∈ C} determines to which element of BW(R) ' Z/8Z
the supermodule belongs.
1Various other generalizations of the Frobenius-Schur indicator were studied in the literature. Firstly, we can
consider generalized Frobenius-Schur indicators for finite groups, see e.g. [BG04] and [GI18, Sec. 11]. Secondly, we
can extend the concept of the Frobenius-Schur indicator to fusion categories, see e.g. [FS01, Sec. 3], which is further
extended to fermionic fusion categories in e.g. [BWHV17, Sec. 3.3]. This last generalization should agree with ours
when specialized to fermionic fusion categories arising from our superalgebra. It would be interesting to check this.
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The rest of the paper consists of two sections. In Section 2, we provide a proof of the main
theorem. In Section 3, we describe how the super Frobenius-Schur indicator appears in the context
of two-dimensional finite-group gauge theories on pin− surfaces.
2. PROOF OF THE MAIN THEOREM
We start by quoting the structure of central simple complex or real superalgebras A = A0⊕A1
and the corresponding Brauer-Wall groups BW(C) = Z/2Z or BW(R) = Z/8Z, as described
in [Wal64,Del99]. For simplicity of the presentation, we assume that any superalgebra A contains
a regular element in A1.
Over C, any central simple superalgebra A = A0 ⊕ A1 is either of the form
(2.1) M(n) = {
(
a b
c d
)
}
or
(2.2) Q(n) = {
(
a b
b a
)
}
where a, b, c, d are n×nmatrices. a and d provide even elements and b and c provide odd elements.
M(n) belongs to 0 ∈ BW(C) and Q(n) belongs to 1 ∈ BW(C). We denote the type in BW(C)
by q ∈ BW(C). We note that Q(1) is the Clifford algebra Cl(1).
More abstractly, any central simple superalgebra over C either admits a nonzero graded central
element u ∈ A0 or a nonzero central element u ∈ A1, depending on whether q = 0 or 1. Here, an
element x is called graded central if yx = xy for all y ∈ A0 and yx = −xy for all y ∈ A1. The
special element u is determined up to a scalar multiplication. We note that A or A0 is simple as
an ungraded algebra when q = 0 or q = 1, respectively.
By direct computation, one finds that
(2.3)
M(m)⊗ˆM(n) = M(mn), M(m)⊗ˆQ(n) = Q(mn),
Q(m)⊗ˆM(n) = Q(mn), Q(m)⊗ˆQ(n) = M(mn)⊕M(mn)
where ⊗ˆ denotes the super tensor product of two superalgebras.
An irreducible supermodule (ρ, V ) of the semisimple superalgebra A = C[G]ϕ,α, determines a
simple summand Aρ of A. This allows us to associate an element q ∈ BW(C) to the supermodule
ρ. We note that ρ is irreducible as an ungraded module when q = 0, and ρ|V0 is irreducible as an
ungraded module of C[G0]α when q = 1. We recall that G0 is the inverse image of 0 ∈ Z/2Z
under ϕ : G→ Z/2Z.
Let us take another finite group H , a homomorphism ϕ′ : H → Z/2Z, and a Z/2Z-valued two-
cocycle α′ of H . Let us consider a supermodule ρ of C[G]ϕ,α and a supermodule σ of C[H]ϕ′,α′ .
Lemma 2.4. ρ⊗ˆσ is a supermodule of C[G×H]ϕ◦,α◦ where
ϕ◦ = ϕ+ ϕ′, α◦ = α + α′ + ϕϕ′.
Here, on the right hand side, ϕ, ϕ′, α, α′ are appropriately pulled back from G and H to G×H .
Then, to take the product of ϕ and ϕ′, we regard them as one-cocycles so that the result is a
two-cocycle, i.e., (ϕϕ′)(g, h) := ϕ(g)ϕ′(h).
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Proof. Direct computation. 
Let us assume that ρ and σ are irreducible. According to (2.3), ρ⊗ˆσ is irreducible or a direct
sum of two isomorphic irreducible supermodules. We denote by ρσ the isomorphism class of the
irreducible supermodule(s) contained in ρ⊗ˆσ.
Lemma 2.5. The super Frobenius-Schur indicator is multiplicative in the sense that
S(ρσ) = S(ρ)S(σ).
Proof. Direct computation. 
Let us further assume that (ρ, V ) is real, i.e. ρ ' ρ¯. In this case the irreducible representations
are classified into eight types in the following manner:
• We first ask whether the corresponding q ∈ BW(C) is 0 or 1. This gives the first two-fold
division.
• We then replace the special element u by cu for some c ∈ C so that we have u = u∗ and
u2 = ±1. The sign gives the second two-fold division.
• Finally, when q = 0, ρ is real irreducible as an ungraded module of C[G]ϕ,α, and we ask
whether ρ is strictly real or quaternionic. Similarly, when q = 1, ρ|V0 is real irreducible as
an ungraded module of C[G0]α, and we ask whether ρ|V0 is strictly real or quaternionic.
This gives the third two-fold division.
We note that when ρ ' ρ¯, the simple summand Aρ of C[G]ϕ,α has a conjugate-linear automor-
phism ∗, whose fixed points form a central simple superalgebra over R. We recall that central
simple superalgebras over R can be classified in terms of BW(R) = Z/8Z, whose structure was
stated exactly as above [Wal64, p.195]. We summarize the structure in the following table:
(2.6)
BW(R) q u2 ρ BW(R) q u2 ρ|V0
0 0 +1 R 1 1 +1 R
2 0 −1 R 3 1 −1 H
4 0 +1 H 5 1 +1 H
6 0 −1 H 7 1 −1 R
.
Let us now consider some examples.
Lemma 2.7. Let G = (Z/2Z)n. There is a homomorphism ϕ(n) : G→ Z/2Z and a Z/2Z-valued
two-cocycle α(n) on G such that C[G]ϕ(n),α(n) is the Clifford algebra Cl(n).
Proof. Take G◦ = Z/2Z, ϕ◦ : Z/2Z → Z/2Z is the identity, and α◦ ≡ 0. We have A◦ :=
C[G◦]ϕ◦,α◦ = C[u], where u is odd and u2 = 1. This equals the Clifford algebra Cl(1). We
note that (A◦)⊗ˆn is the Clifford algebra Cl(n). From the lemma 2.4 above, this is a twisted group
superalgebra associated to G = (Z/2Z)n with a specific choice of ϕ and α. 
By comparing the explicit description of A◦ = Cl(1) and the table 2.6, we find that A◦ = Cl(1)
corresponds to 1 ∈ BW(R). Therefore Cl(n) corresponds to n ∈ BW(R). It has a unique
irreducible supermodule.
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Lemma 2.8. For the irreducible supermodule ρ of Cl(n) = C[(Z/2Z)n]ϕ(n),α(n) defined above,
the super Frobenius-Schur indicator is given by
S(ρ) = en×2pi
√−1/8.
Proof. For n = 1 this follows from a direct computation. Then the statement for n > 1 follows
from a repeated application of the lemma 2.5. 
We note that the summand
√−1ϕ(g)(−1)α(g,g) : (Z/2Z)n → {±1,±√−1} in the definition of
the indicator in this case is a Z/4Z-valued quadratic refinement of the standard non-degenerate
pairing on (Z/2Z)n, and that the super Frobenius-Schur indicator is its Arf-Brown invariant itself.
We also need the following lemma:
Lemma 2.9. Let C[G]α be the twisted group algebra generated by eg for g ∈ G satisfying
egeh = (−1)α(g,h)eg,h, where α(g, h) ∈ {0, 1} is a two-cocycle. Its irreducible representation
ρ is complex, strictly real, or quaternionic if and only if its Frobenius-Schur indicator
S(ρ) :=
1
|G|
∑
g
(−1)α(g,g)χ(g2)
is 0, +1 or −1, respectively.
Proof. We repeat the standard proof which studies whether ρ ⊗ ρ contains the identity represen-
tation of G, and if so, whether it is in Sym2ρ or in ∧2ρ. We find that
1
|G|
∑
g
trρ(egeg) = 0,+1,−1
depending on the three cases. Finally we use ρ(egeg) = (−1)α(g,g)χ(g2). 
We can now begin the
Proof of the main theorem. The homomorphism ϕ : G → Z/2Z gives the decomposition G =
G0 unionsq G1. When G1 is empty, the theorem reduces to the non-super case, our Lemma 2.9. When
α is trivial it further reduces to the original theorem of Frobenius-Schur [FS06]. We assume G1 is
non-empty in the following. We then have |G| = 2|G0|.
We saw in lemma (2.5) that the super Frobenius-Schur indicator is multiplicative. We also
saw in lemma (2.8) that the super Frobenius-Schur indicator of the irreducible supermodule ρ◦ of
Cl(1) = C[G◦]ϕ◦,α◦ is e2pi
√−1/8. Therefore, repeating n times the procedure of tensoring by ρ◦
and taking the irreducible component multiplies the indicator by e2pi
√−1n/8 and adds n mod 8 to
the class in BW(R). This means that it suffices to prove our statement in two cases, namely when
ρ is complex and corresponds to 0 ∈ BW(C), or when ρ is real and corresponds to 0 ∈ BW(R).
Below, we assume that either of the two is satisfied.
We note that S(ρ) can be rewritten as
(2.10) S(ρ) = 1√
2
q
[
1
|G|
∑
g∈G0
(−1)α(g,g)χ(g2) +
√−1
|G| (
∑
g∈G
−
∑
g∈G0
)(−1)α(g,g)χ(g2)
]
This means that S(ρ) can be computed if the ordinary Frobenius-Schur indicators of ρ as repre-
sentations of G and G0 can be computed.
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Denote V = V0 ⊕ V1 the graded vector space on which ρ is defined. Due to our assumption,
V corresponds to 0 ∈ BW(C). Therefore V is irreducible as an ungraded module of C[G]ϕ,α.
Since G1 is nonempty, dimV = 2 dimV0 and G0 is an index-2 subgroup of G. Therefore, V0
is an irreducible module of C[G0]α and V is the induced representation. Therefore, V is real if
V0 is real, and V0 is complex if V is complex. Therefore, when ρ is complex, both V and V0 are
complex, and S(ρ) = 0 from (2.10). Similarly, when ρ is real, both V and V0 are strictly real, and
therefore S(ρ) = 1 from (2.10). This concludes the proof. 
There is also an alternative proof, based on an earlier work by Roderick Gow [Gow79], which
we briefly indicate below2. Given an index-2 subgroup G0 of G and an irreducible representation
ρ0, Gow considered an analogue of the Frobenius-Schur indicator
(2.11) η(ρ0) :=
1
|G0|
∑
g∈G\G0
χ(g2),
which we call the Gow indicator. In [Gow79, Lemma 2.1], it was proved that η(ρ0) = +1, 0,−1,
whose value depends on S(ρ0) and various properties of the G representation IndGG0(ρ0) induced
from ρ0 of G0; see also [KM90, Sec. 2]. The analysis there can be readily generalized to the case
when the Z/2Z-valued 2-cocycle α is nontrivial.
For us, we have ρ0 = ρ|V0 and ρ = IndGG0(ρ0). Then q = 0, 1 depending on whether ρ is
irreducible or not as a G representation. We can then straightforwardly show that
(2.12) S(ρ) = 1√
2
q
(
S(ρ0) +
√−1η(ρ0)
)
.
This allows us to determine our super Frobenius-Schur indicator from the description of the Gow
indicator in [Gow79, Lemma 2.1], by carefully comparing its proof and our table (2.6). This gives
an alternative proof.
Another related point is that the element of the Brauer-Wall group associated to an irreducible
representation ρ of an index-2 subgroup G0 of G was studied in detail in [Tur92]. The discussion
there was for an arbitrary base field, and no explicit formula was given for the base field R as in
our main theorem.
3. RELATION TO TWO-DIMENSIONAL FINITE GROUP GAUGE THEORIES ON PIN− SURFACES
According to physicists, quantum gauge theories are ‘defined’ in terms of path integrals. We
start from a d-dimensional manifold Md, and consider the moduli spaceM of connections A on
principalG-bundles onMd. We pick a function S :M→ C/Z called the action. The fundamental
object of physicists’ studies is the partition function
(3.1) ZG,S(Md) :=
∫
M
e2pi
√−1Sdµ
where dµ is a suitable measure on M. Of course all this is terribly ill-defined in most of the
physically relevant cases whenG is a compact Lie group, sinceM is heavily infinite-dimensional.
2The following three paragraphs were added in v2. The authors thank J. Murray for the information.
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Finite group gauge theories, however, admits a path-integral definition without any problems,
since the spaceM over which we need to integrate is a finite set, which is the space of homomor-
phisms f : pi1(Md) → G up to conjugation. The proper measure dµ to be used was determined
e.g. in [FQ91], and the partition function is simply
(3.2) ZG,S(Md) :=
1
|G|
∑
f :pi1(Md)→G
e2pi
√−1S(f)
for a closed and connected manifold Md. Here we only described the partition function, but they
can be promoted to topological field theories in the sense of Atiyah-Segal, and further to extended
topological field theories.
When the space M = Σ is two-dimensional and the action S is trivial, this ‘path integral’
was considered independently of physics in [Med78], which says the following. Let Σ be a two-
dimensional oriented surface of genus γ which is closed and connected. We then have
(3.3)
1
|G|
∑
f :pi1(Σ)→G
1 =
∑
ρ∈Irr(G)
( |G|
dim ρ
)−e(Σ)
where the sum on the left hand side is over homomorphisms f from pi1(Σ) to G, the sum on
the right hand side is over isomorphism classes of irreducible representations of G, and e(Σ) =
2 − 2γ is the Euler number of the surface. When γ = 0 this reduces to the classic formula
|G| = ∑ρ∈Irr(G)(dim ρ)2.
For the detailed history of these formulas and very elementary proofs, see [Sny07]. This for-
mula is so classic that it appears as exercises of textbooks of finite group theory, e.g. [Ser16].
The formula (3.3) can be further generalized in many directions. One example starts by picking
a degree-2 cohomology class α ∈ H2(BG,R/Z). A homomorphism f : pi1(Σ) → G determines
a classifying map f : Σ → BG of the corresponding G-bundle, which we denoted by the same
letter. We now take the pull-back f ∗(α) of α and integrate it against the fundamental class, the
result of which we denote by
∫
Σ
f ∗(α). We use it as the action S and the generalized formula is
now given by
(3.4)
1
|G|
∑
f :pi1(Σ)→G
e2pi
√−1 ∫Σ f∗(α) = ∑
ρ∈Irrα(G)
( |G|
dim ρ
)−e(Σ)
,
where Irrα(G) is now the set of isomorphism classes of irreducible projective representations of
G whose degree-2 cocycle is specified by α. The use of the pull-back of a cohomology class of
the classifying space as the action goes back to [DW90]. This particular formula, appropriately
generalized to compact Lie group G, first appeared in [Wit91] to the authors’ knowledge. For
early rigorous mathematical exposition, see [FQ91].
The simplest way to allow Σ to be non-orientable is to take α ∈ H2(BG,Z/2Z) instead, since
any surface Σ, non-orientable or otherwise, has a fundamental class [Σ] ∈ H2(Σ,Z/2Z) and we
can pair f ∗(α) with it. The formula now involves the Frobenius-Schur indicator discussed in
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Lemma 2.9,
(3.5)
1
|G|
∑
f :pi1(Σ)→G
e2pi
√−1 ∫Σ f∗(α) = ∑
ρ∈Irrα(G),
ρ:real
S(ρ)o(Σ)
( |G|
dim ρ
)−e(Σ)
where o(Σ) = 0, 1 is the class [Σ] ∈ Ωunorientedd=2 = Z/2Z and equals o(Σ) = e(Σ) mod 2. This
formula also already appeared in [Wit91]; for a rigorous mathematical exposition, see [Tur07].
We also note that for Σ = RP1 and for trivial α, the formula reduces to
(3.6)
∑
g2=1
1 =
∑
ρ∈Irr(G)
S(ρ)dim ρ,
a formula which appears already in the very paper of Frobenius and Schur [FS06].
More recently, it has become of interest to consider finite group gauge theories on spacetimes
with spin structures and variants such as pin± structures. The motivation came both from devel-
opments internal to mathematical physics, see e.g. [BT13, NR14] and also from influences from
theoretical condensed matter physics, see e.g. [KTTW14, GK15, WOP+18, GOP+18].
Now, what type of actions S should we consider? As was first emphasized in [FM04], natural
choices of the topological part of the action should be given by invertible quantum field theories;
for details of invertible quantum field theories, the readers are referred to excellent lecture notes
by Freed [Fre19]. For a finite group gauge theory, they are specified by bordism invariants
(3.7) φ ∈ Hom(Ωstructured (BG),R/Z)
where ‘structure’ in the equation stands for ‘unoriented’, ‘oriented’, ‘spin’ etc., appropriate for
the purpose, and d is the space-time dimension. Therefore, we are led to consider the sum
(3.8)
1
|G|
∑
f :pi1(Md)→G
e2pi
√−1φ([f :Md→BG]),
where Md is a d-dimensional closed and connected manifold equipped with the structure of your
choice.
For oriented surfaces with a G bundle, we have
(3.9) Hom(Ωoriented2 (BG),R/Z) = H2(BG,R/Z),
corresponding to the Dijkgraaf-Witten theories we recalled above. For oriented spin surfaces with
a G bundle, we have an equality as sets
(3.10) Hom(Ωspin2 (BG),R/Z) = H1(BG,Z/2Z)×H2(BG,R/Z),
where the group structure on the right hand side is given by
(3.11) (ϕ, α) + (ϕ′, α′) = (ϕ+ ϕ′, α + α′ + ι(ϕϕ′)).
Here ι is the homomorphism Z/2Z → R/Z obtained by sending 1 to 1/2, see [BM16, BM18a]
where d = 2, 3, 4 were treated in parallel.
An element φ = (ϕ, α) ∈ Hom(Ωspin2 (BG),R/Z) is paired with a G-bundle f : Σ → BG on
a spin surface in the following manner. We first recall [Ati71, Joh80] that a spin structure on a
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spin surface can be identified with the quadratic refinement Q : H1(Σ,Z/2Z)→ Z/2Z, i.e. those
functions which satisfy
(3.12) Q(a+ b)−Q(a)−Q(b) =
∫
Σ
a ∪ b
and Q(0) = 0. Then we evaluate φ by the formula
(3.13) e2pi
√−1φ([f :Σ→BG]) := (−1)Q(f∗(ϕ))e2pi
√−1f∗(α).
The term ι(ϕϕ′) in (3.11) follows by using the last two formulas.
The generalization of the formula (3.3) is given by
(3.14)
1
|G|
∑
f :pi1(Σ)→G
(−1)Q(f∗(ϕ))e2pi
√−1 ∫Σ f∗(α) =
∑
ρ∈Irr(C[G]ϕ,α)
(−1)Arf(Σ)q(ρ)
( |G|
qdim ρ
)−e(Σ)
,
where the sum on the right hand side is now over the irreducible supermodules ρ of C[G]ϕ,α dis-
cussed above, q(ρ) ∈ BW(C) = {0, 1} is the type of the supermodule ρ, qdim(ρ) = dim(ρ)/√2q(ρ),
and the Arf invariant Arf(Σ) = Z/2Z is the class [Σ] ∈ Ωspin2 = {0, 1} of the spin surface in the
bordism group. This formula was derived in [Gun12]; the presentation there was mainly for the
case G = ((Z/2Z)n) o Sn with a specific choice of ϕ and α, for which C[G]ϕ,α is known as the
Sergeev algebra, but the discussion there easily generalizes.
Our super Frobenius-Schur indicator plays a role in the case of unoriented surfaces Σ equipped
with a pin− structure. In this case we have an equality of sets [BM18b]
(3.15) Hom(Ωpin
−
2 (BG),R/Z) = H1(BG,Z/2Z)×H2(BG,Z/2Z)
where the addition formula on the right hand side is
(3.16) (ϕ, α) + (ϕ′, α′) = (ϕ+ ϕ′, α + α′ + ϕϕ′).
Note that this has the same form as the formula we saw in Lemma 2.4.
To evaluate φ = (ϕ, α) ∈ Hom(Ωpin−2 (BG),R/Z), we now use the fact that a pin− structure on
a surface is given by a Z/4Z-valued quadratic refinement Q : H1(Σ,Z/2Z)→ Z/4Z satisfying
(3.17) Q(a+ b)−Q(a)−Q(b) = 2
∫
Σ
a ∪ b
and Q(0) = 0, see [KT90] for this and other basic properties of pin− structures. Then the evalua-
tion is given by
(3.18) e2pi
√−1φ([f :Σ→BG]) :=
√−1Q(f
∗(ϕ))
e2pi
√−1f∗(α).
Finite-group gauge theories on pin− surfaces for the case when the twisted group superalgebra
is the Clifford algebra Cl(n) we saw in Lemma 2.7 were studied e.g. in [DG18, Tur18, Kob19].
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Again the discussion there can be readily generalized, given our super Frobenius-Schur indicator.
The final result when Σ is non-orientable is
(3.19)
1
|G|
∑
f :pi1(Σ)→G
√−1Q(f
∗(ϕ))
e2pi
√−1 ∫Σ f∗(α) =
∑
ρ∈Irr(C[G]ϕ,α),
ρ:real
S(ρ)ABK(Σ)
( |G|
qdim ρ
)−e(Σ)
,
where the Arf-Brown-Kervaire invariant ABK(Σ) ∈ {0, 1, . . . , 7} of the pin− surface is the class
[Σ] ∈ Ωpin−d=2 = Z/8Z. The defining equation of the super Frobenius-Schur indicator in the state-
ment of Theorem 1.2 is the literal path integral expression of the partition function of the gauge
theory on the Möbius strip, when the state on the boundary is specified by ρ.
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